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(8.22) Example
Suppose you have quantification: (+i 2 ≤ i < 5 : i2) = 22 +32 +42

(+i 2 ≤ i < 5 : i2)
= ⟨(8.22) with i = f . j = j+2⟩

(+ j (2 ≤ i < 5)[i := j+2] : (i2)[i := j+2])
= ⟨Textual substitution⟩

(+ j 2 ≤ j+2 < 5 : ( j+2)2)

= ⟨Math⟩
(+ j 0 ≤ j < 3 : ( j+2)2)

Both the range and the body are different from the original.
However, the expansion is the same.
(+ j 0 ≤ j < 3 : ( j+2)2) = (0+2)2 +(1+2)2 +(2+2)2

Proposition: A declarative statement that is either true or false.

Example: In the expression p∧q ⇒ r, p, q, and r are propositions.

Their types are boolean: p : B, q : B, r : B

Propositional expressions are type boolean: (p∧q ⇒ r) : B

Predicate: A function that returns type boolean, but whose parameters
might not be type boolean.

Example: odd.n is a predicate. odd.5 returns true. odd.6 returns false.

The type of function odd is Z→ B

Example: equals(n,m) is a predicate. equals(7,11) returns false.

The type of function equals is Z×Z→ B

Example: sum(n,m) is not a predicate. sum(7,11) returns 18.

The type of function sum is Z×Z→ Z
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The type of a quantification (⋆x R : P) is the type of its body P.

Universal quantification with ∀ and existential quantification with ∃
are predicates.

Example: (∀i 0 ≤ i < n : b[i] = 0) is a predicate.
It is a function of two free variables n and b.
Its type is the type of its body B.

Example: (Σi 0 ≤ i < n : b[i]) is not a predicate.
Its type is the type of its body Z.
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6 J. STANLEY WARFORD

(8.23) Split off term: For n: N,
(a) (⋆i 0 ≤ i < n+1 : P) = (⋆i 0 ≤ i < n : P)⋆P[i := n]
(b) (⋆i 0 ≤ i < n+1 : P) = P[i := 0]⋆ (⋆i 0 < i < n+1 : P)

Theorems of the Predicate Calculus

Universal quantification.
Notation: (⋆x : P) means (⋆x true : P).
(9.2) Axiom, Trading: (∀x R : P)≡ (∀x : R ⇒ P)
(9.3) Trading:

(a) (∀x R : P)≡ (∀x : ¬R∨P)
(b) (∀x R : P)≡ (∀x : R∧P ≡ R)
(c) (∀x R : P)≡ (∀x : R∨P ≡ P)

(9.4) Trading:
(a) (∀x Q∧R : P)≡ (∀x Q : R ⇒ P)
(b) (∀x Q∧R : P)≡ (∀x Q : ¬R∨P)
(c) (∀x Q∧R : P)≡ (∀x Q : R∧P ≡ R)
(d) (∀x Q∧R : P)≡ (∀x Q : R∨P ≡ P)

(9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
(9.5) Axiom, Distributivity of ∨ over ∀ : Provided ¬occurs(‘x’, ‘P’),

P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
(9.12) Monotonicity of ∀ : (∀x R : Q ⇒ P)⇒ ((∀x R : Q)⇒ (∀x R : P))
(9.13) Instantiation: (∀x : P)⇒ P[x := E]
(9.16) Metatheorem: P is a theorem iff (∀x : P) is a theorem.

Existential quantification.
(9.17) Axiom, Generalized De Morgan: (∃x R : P)≡ ¬(∀x R : ¬P)
(9.18) Generalized De Morgan:

(a) ¬(∃x R : ¬P)≡ (∀x R : P)
(b) ¬(∃x R : P)≡ (∀x R : ¬P)
(c) (∃x R : ¬P)≡ ¬(∀x R : P)

(9.19) Trading: (∃x R : P)≡ (∃x : R∧P)
(9.20) Trading: (∃x Q∧R : P)≡ (∃x Q : R∧P)
(9.20.1) Existential double trading: (∃x R : P)≡ (∃x P : R)

15

The type of a quantification (⋆x R : P) is the type of its body P.

Universal quantification with ∀ and existential quantification with ∃
are predicates.

Example: (∀i 0 ≤ i < n : b[i] = 0) is a predicate.
It is a function of two free variables n and b.
Its type is the type of its body B.

Example: (Σi 0 ≤ i < n : b[i]) is not a predicate.
Its type is the type of its body Z.

(9.2) Example

[0]

b 23 14 -6 5 -7 -13 -23 -4 19 -2

[1] [2] [3] [4] [5] [6] [7] [8] [9]

(∀i 4 ≤ i < 8 : b[i]< 0)
= ⟨(9.2)⟩

(∀i : 4 ≤ i < 8 ⇒ b[i]< 0)

This range is over all 10 values.
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Example: (Σi 0 ≤ i < n : b[i]) is not a predicate.
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[0]

b 23 14 -6 5 -7 -13 -23 -4 19 -2

[1] [2] [3] [4] [5] [6] [7] [8] [9]
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It is a function of two free variables n and b.
Its type is the type of its body B.

Example: (Σi 0 ≤ i < n : b[i]) is not a predicate.
Its type is the type of its body Z.

(9.2) Example

[0]

b 23 14 -6 5 -7 -13 -23 -4 19 -2

[1] [2] [3] [4] [5] [6] [7] [8] [9]

(∀i 4 ≤ i < 8 : b[i]< 0)
= ⟨(9.2)⟩

(∀i : 4 ≤ i < 8 ⇒ b[i]< 0)

This range is over all 10 values.
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(8.23) Split off term: For n: N,
(a) (⋆i 0 ≤ i < n+1 : P) = (⋆i 0 ≤ i < n : P)⋆P[i := n]
(b) (⋆i 0 ≤ i < n+1 : P) = P[i := 0]⋆ (⋆i 0 < i < n+1 : P)

Theorems of the Predicate Calculus

Universal quantification.
Notation: (⋆x : P) means (⋆x true : P).
(9.2) Axiom, Trading: (∀x R : P)≡ (∀x : R ⇒ P)
(9.3) Trading:

(a) (∀x R : P)≡ (∀x : ¬R∨P)
(b) (∀x R : P)≡ (∀x : R∧P ≡ R)
(c) (∀x R : P)≡ (∀x : R∨P ≡ P)

(9.4) Trading:
(a) (∀x Q∧R : P)≡ (∀x Q : R ⇒ P)
(b) (∀x Q∧R : P)≡ (∀x Q : ¬R∨P)
(c) (∀x Q∧R : P)≡ (∀x Q : R∧P ≡ R)
(d) (∀x Q∧R : P)≡ (∀x Q : R∨P ≡ P)

(9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
(9.5) Axiom, Distributivity of ∨ over ∀ : Provided ¬occurs(‘x’, ‘P’),

P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
(9.12) Monotonicity of ∀ : (∀x R : Q ⇒ P)⇒ ((∀x R : Q)⇒ (∀x R : P))
(9.13) Instantiation: (∀x : P)⇒ P[x := E]
(9.16) Metatheorem: P is a theorem iff (∀x : P) is a theorem.

Existential quantification.
(9.17) Axiom, Generalized De Morgan: (∃x R : P)≡ ¬(∀x R : ¬P)
(9.18) Generalized De Morgan:

(a) ¬(∃x R : ¬P)≡ (∀x R : P)
(b) ¬(∃x R : P)≡ (∀x R : ¬P)
(c) (∃x R : ¬P)≡ ¬(∀x R : P)

(9.19) Trading: (∃x R : P)≡ (∃x : R∧P)
(9.20) Trading: (∃x Q∧R : P)≡ (∃x Q : R∧P)
(9.20.1) Existential double trading: (∃x R : P)≡ (∃x P : R)

Universal quantification trades 
with implication.
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THEOREMS OF THE PREDICATE CALCULUS

Universal quantification.
Notation: (⇥x : P ) means (⇥x true : P ).
(9.2) Axiom, Trading: (⇤x R : P ) � (⇤x : R ⇥ P )
(9.3) Trading:

(a) (⇤x R : P ) � (⇤x : ¬R ⌥ P )
(b) (⇤x R : P ) � (⇤x : R ⌃ P � R)
(c) (⇤x R : P ) � (⇤x : R ⌥ P � P )

(9.4) Trading:
(a) (⇤x Q ⌃R : P ) � (⇤x Q : R ⇥ P )
(b) (⇤x Q ⌃R : P ) � (⇤x Q : ¬R ⌥ P )
(c) (⇤x Q ⌃R : P ) � (⇤x Q : R ⌃ P � R)
(d) (⇤x Q ⌃R : P ) � (⇤x Q : R ⌥ P � P )

(9.4.1) Universal double trading: (⇤x R : P ) � (⇤x ¬P : ¬R)
(9.5) Axiom, Distributivity of ⌥ over ⇤ : Provided ¬occurs(‘x’, ‘P ’),

P ⌥ (⇤x R : Q) � (⇤x R : P ⌥Q)
(9.6) Provided ¬occurs(‘x’, ‘P ’), (⇤x R : P ) � P ⌥ (⇤x : ¬R)
(9.7) Distributivity of ⌃ over ⇤ : Provided ¬occurs(‘x’, ‘P ’),

¬(⇤x : ¬R) ⇥ ((⇤x R : P ⌃Q) � P ⌃ (⇤x R : Q))
(9.8) (⇤x R : true) � true

(9.9) (⇤x R : P � Q) ⇥ ((⇤x R : P ) � (⇤x R : Q))
(9.10) Range weakening/strengthening: (⇤x Q ⌥R : P ) ⇥ (⇤x Q : P )
(9.11) Body weakening/strengthening: (⇤x R : P ⌃Q) ⇥ (⇤x R : P )
(9.12) Monotonicity of ⇤ : (⇤x R : Q ⇥ P ) ⇥ ((⇤x R : Q) ⇥ (⇤x R : P ))
(9.13) Instantiation: (⇤x : P ) ⇥ P [x := E]
(9.16) P is a theorem iff (⇤x : P ) is a theorem.

Existential quantification.
(9.17) Axiom, Generalized De Morgan: (⌅x R : P ) � ¬(⇤x R : ¬P )
(9.18) Generalized De Morgan:

(a) ¬(⌅x R : ¬P ) � (⇤x R : P )
(b) ¬(⌅x R : P ) � (⇤x R : ¬P )
(c) (⌅x R : ¬P ) � ¬(⇤x R : P )

(9.19) Trading: (⌅x R : P ) � (⌅x : R ⌃ P )
(9.20) Trading: (⌅x Q ⌃R : P ) � (⌅x Q : R ⌃ P )
(9.20.1) Existential double trading: (⌅x R : P ) � (⌅x P : R)
(9.21) Distributivity of ⌃ over ⌅ : Provided ¬occurs(‘x’, ‘P ’),

P ⌃ (⌅x R : Q) � (⌅x R : P ⌃Q)
(9.22) Provided ¬occurs(‘x’, ‘P ’), (⌅x R : P ) � P ⌃ (⌅x : R)
(9.23) Distributivity of ⌥ over ⌅ : Provided ¬occurs(‘x’, ‘P ’),

(⌅x : R) ⇥ ((⌅x R : P ⌥Q) � P ⌥ (⌅x R : Q))
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The type of a quantification (⋆x R : P) is the type of its body P.

Universal quantification with ∀ and existential quantification with ∃
are predicates.

Example: (∀i 0 ≤ i < n : b[i] = 0) is a predicate.
It is a function of two free variables n and b.
Its type is the type of its body B.

Example: (Σi 0 ≤ i < n : b[i]) is not a predicate.
Its type is the type of its body Z.

(9.2) Example

[0]

b 23 14 -6 5 -7 -13 -23 -4 19 -2

[1] [2] [3] [4] [5] [6] [7] [8] [9]

(∀i 4 ≤ i < 8 : b[i]< 0)
= ⟨(9.2)⟩

(∀i : 4 ≤ i < 8 ⇒ b[i]< 0)

This range is over all 10 values.

Prove (9.4a) Trading: (∀x Q∧R : P)≡ (∀x Q : R ⇒ P)
Proof

(∀x Q∧R : P)
= ⟨(9.2) Trading⟩

(∀x : Q∧R ⇒ P)
= ⟨(3.65) Shunting⟩

(∀x : Q ⇒ (R ⇒ P))
= ⟨(9.2 Trading)⟩

(∀x Q : R ⇒ P) //
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Prove (9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
Proof

(∀x ¬P : ¬R)
= ⟨(9.2) Trading⟩

(∀x : ¬P ⇒ ¬R)
= ⟨(3.61) Contrapositive⟩

(∀x : R ⇒ P)
= ⟨(9.2) Trading⟩

(∀x R : P) //
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THEOREMS OF THE PREDICATE CALCULUS

Universal quantification.
Notation: (?x : P ) means (?x true : P ).
(9.2) Axiom, Trading: (8x R : P ) ⌘ (8x : R ) P )
(9.3) Trading:

(a) (8x R : P ) ⌘ (8x : ¬R _ P )
(b) (8x R : P ) ⌘ (8x : R ^ P ⌘ R)
(c) (8x R : P ) ⌘ (8x : R _ P ⌘ P )

(9.4) Trading:
(a) (8x Q ^R : P ) ⌘ (8x Q : R ) P )
(b) (8x Q ^R : P ) ⌘ (8x Q : ¬R _ P )
(c) (8x Q ^R : P ) ⌘ (8x Q : R ^ P ⌘ R)
(d) (8x Q ^R : P ) ⌘ (8x Q : R _ P ⌘ P )

(9.4.1) Universal double trading: (8x R : P ) ⌘ (8x ¬P : ¬R)
(9.5) Axiom, Distributivity of _ over 8 : Provided ¬occurs(‘x’, ‘P ’),

P _ (8x R : Q) ⌘ (8x R : P _Q)
(9.6) Provided ¬occurs(‘x’, ‘P ’), (8x R : P ) ⌘ P _ (8x : ¬R)
(9.7) Distributivity of ^ over 8 : Provided ¬occurs(‘x’, ‘P ’),

¬(8x : ¬R) ) ((8x R : P ^Q) ⌘ P ^ (8x R : Q))
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Prove (9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
Proof

(∀x ¬P : ¬R)
= ⟨(9.2) Trading⟩

(∀x : ¬P ⇒ ¬R)
= ⟨(3.61) Contrapositive⟩

(∀x : R ⇒ P)
= ⟨(9.2) Trading⟩

(∀x R : P) //

(9.16) is called “Implicit universal quantification.”

Example
p ⇒ p∨q is a theorem.

Therefore, by (9.16), (∀p,q : p ⇒ p∨q) is a theorem.

In other words, p ⇒ p∨q is true in all states.
The theorem p ⇒ p∨q is “Implicitly universally quantified.”

Example
p∨q is not a theorem.

Therefore, by (9.16), it is not the case that (∀p,q : p∨q) is a theorem.

In other words, p∨q is not true in all states.
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(9.8) (⇤x R : true) � true

(9.9) (⇤x R : P � Q) ⇥ ((⇤x R : P ) � (⇤x R : Q))
(9.10) Range weakening/strengthening: (⇤x Q ⌃R : P ) ⇥ (⇤x Q : P )
(9.11) Body weakening/strengthening: (⇤x R : P ⇧Q) ⇥ (⇤x R : P )
(9.12) Monotonicity of ⇤ : (⇤x R : Q ⇥ P ) ⇥ ((⇤x R : Q) ⇥ (⇤x R : P ))
(9.13) Instantiation: (⇤x : P ) ⇥ P [x := E]
(9.16) Metatheorem: P is a theorem iff (⇤x : P ) is a theorem.

Existential quantification.
(9.17) Axiom, Generalized De Morgan: (⌅x R : P ) � ¬(⇤x R : ¬P )
(9.18) Generalized De Morgan:

(a) ¬(⌅x R : ¬P ) � (⇤x R : P )
(b) ¬(⌅x R : P ) � (⇤x R : ¬P )
(c) (⌅x R : ¬P ) � ¬(⇤x R : P )

(9.19) Trading: (⌅x R : P ) � (⌅x : R ⇧ P )
(9.20) Trading: (⌅x Q ⇧R : P ) � (⌅x Q : R ⇧ P )
(9.20.1) Existential double trading: (⌅x R : P ) � (⌅x P : R)
(9.20.2) (⌅x : R) ⇥ ((⇤x R : P ) ⇥ (⌅x R : P ))
(9.21) Distributivity of ⇧ over ⌅ : Provided ¬occurs(‘x’, ‘P ’),

P ⇧ (⌅x R : Q) � (⌅x R : P ⇧Q)
(9.22) Provided ¬occurs(‘x’, ‘P ’), (⌅x R : P ) � P ⇧ (⌅x : R)
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(8.23) Split off term: For n: N,
(a) (⋆i 0 ≤ i < n+1 : P) = (⋆i 0 ≤ i < n : P)⋆P[i := n]
(b) (⋆i 0 ≤ i < n+1 : P) = P[i := 0]⋆ (⋆i 0 < i < n+1 : P)

Theorems of the Predicate Calculus

Universal quantification.
Notation: (⋆x : P) means (⋆x true : P).
(9.2) Axiom, Trading: (∀x R : P)≡ (∀x : R ⇒ P)
(9.3) Trading:

(a) (∀x R : P)≡ (∀x : ¬R∨P)
(b) (∀x R : P)≡ (∀x : R∧P ≡ R)
(c) (∀x R : P)≡ (∀x : R∨P ≡ P)

(9.4) Trading:
(a) (∀x Q∧R : P)≡ (∀x Q : R ⇒ P)
(b) (∀x Q∧R : P)≡ (∀x Q : ¬R∨P)
(c) (∀x Q∧R : P)≡ (∀x Q : R∧P ≡ R)
(d) (∀x Q∧R : P)≡ (∀x Q : R∨P ≡ P)

(9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
(9.5) Axiom, Distributivity of ∨ over ∀ : Provided ¬occurs(‘x’, ‘P’),

P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
(9.12) Monotonicity of ∀ : (∀x R : Q ⇒ P)⇒ ((∀x R : Q)⇒ (∀x R : P))
(9.13) Instantiation: (∀x : P)⇒ P[x := E]
(9.16) Metatheorem: P is a theorem iff (∀x : P) is a theorem.

Existential quantification.
(9.17) Axiom, Generalized De Morgan: (∃x R : P)≡ ¬(∀x R : ¬P)
(9.18) Generalized De Morgan:

(a) ¬(∃x R : ¬P)≡ (∀x R : P)
(b) ¬(∃x R : P)≡ (∀x R : ¬P)
(c) (∃x R : ¬P)≡ ¬(∀x R : P)

(9.19) Trading: (∃x R : P)≡ (∃x : R∧P)
(9.20) Trading: (∃x Q∧R : P)≡ (∃x Q : R∧P)
(9.20.1) Existential double trading: (∃x R : P)≡ (∃x P : R)



A Logical Approach to Discrete Math

6 J. STANLEY WARFORD
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(a) (⋆i 0 ≤ i < n+1 : P) = (⋆i 0 ≤ i < n : P)⋆P[i := n]
(b) (⋆i 0 ≤ i < n+1 : P) = P[i := 0]⋆ (⋆i 0 < i < n+1 : P)
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(a) (∀x Q∧R : P)≡ (∀x Q : R ⇒ P)
(b) (∀x Q∧R : P)≡ (∀x Q : ¬R∨P)
(c) (∀x Q∧R : P)≡ (∀x Q : R∧P ≡ R)
(d) (∀x Q∧R : P)≡ (∀x Q : R∨P ≡ P)

(9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
(9.5) Axiom, Distributivity of ∨ over ∀ : Provided ¬occurs(‘x’, ‘P’),

P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
(9.12) Monotonicity of ∀ : (∀x R : Q ⇒ P)⇒ ((∀x R : Q)⇒ (∀x R : P))
(9.13) Instantiation: (∀x : P)⇒ P[x := E]
(9.16) Metatheorem: P is a theorem iff (∀x : P) is a theorem.

Existential quantification.
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(9.18) Generalized De Morgan:
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Prove (9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
Proof

(∀x ¬P : ¬R)
= ⟨(9.2) Trading⟩

(∀x : ¬P ⇒ ¬R)
= ⟨(3.61) Contrapositive⟩

(∀x : R ⇒ P)
= ⟨(9.2) Trading⟩

(∀x R : P) //

(9.16) is called “Implicit universal quantification.”

Example
p ⇒ p∨q is a theorem.

Therefore, by (9.16), (∀p,q : p ⇒ p∨q) is a theorem.

In other words, p ⇒ p∨q is true in all states.
The theorem p ⇒ p∨q is “Implicitly universally quantified.”

Example
p∨q is not a theorem.

Therefore, by (9.16), it is not the case that (∀p,q : p∨q) is a theorem.

In other words, p∨q is not true in all states.

(9.19) Example

[0]

b 19 -26 17 3 42 -19 8 35 14 -30

[1] [2] [3] [4] [5] [6] [7] [8] [9]

(∃i 4 ≤ i < 8 : b[i]< 0)
= ⟨(9.19)⟩

(∃i : 4 ≤ i < 8∧b[i]< 0)

This range is over all 10 values.
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P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
(9.12) Monotonicity of ∀ : (∀x R : Q ⇒ P)⇒ ((∀x R : Q)⇒ (∀x R : P))
(9.13) Instantiation: (∀x : P)⇒ P[x := E]
(9.16) Metatheorem: P is a theorem iff (∀x : P) is a theorem.
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(9.18) Generalized De Morgan:
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(c) (∃x R : ¬P)≡ ¬(∀x R : P)

(9.19) Trading: (∃x R : P)≡ (∃x : R∧P)
(9.20) Trading: (∃x Q∧R : P)≡ (∃x Q : R∧P)
(9.20.1) Existential double trading: (∃x R : P)≡ (∃x P : R)
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Proof

(∀x ¬P : ¬R)
= ⟨(9.2) Trading⟩

(∀x : ¬P ⇒ ¬R)
= ⟨(3.61) Contrapositive⟩
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(∀x R : P) //

(9.16) is called “Implicit universal quantification.”

Example
p ⇒ p∨q is a theorem.

Therefore, by (9.16), (∀p,q : p ⇒ p∨q) is a theorem.

In other words, p ⇒ p∨q is true in all states.
The theorem p ⇒ p∨q is “Implicitly universally quantified.”

Example
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Therefore, by (9.16), it is not the case that (∀p,q : p∨q) is a theorem.
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(b) (∀x Q∧R : P)≡ (∀x Q : ¬R∨P)
(c) (∀x Q∧R : P)≡ (∀x Q : R∧P ≡ R)
(d) (∀x Q∧R : P)≡ (∀x Q : R∨P ≡ P)

(9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
(9.5) Axiom, Distributivity of ∨ over ∀ : Provided ¬occurs(‘x’, ‘P’),

P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
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(9.20.1) Existential double trading: (∃x R : P)≡ (∃x P : R)

16

Prove (9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
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Existential quantification.
(9.17) Axiom, Generalized De Morgan: (∃x R : P)≡ ¬(∀x R : ¬P)
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(c) (∃x R : ¬P)≡ ¬(∀x R : P)
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Prove (9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
Proof

(∀x ¬P : ¬R)
= ⟨(9.2) Trading⟩

(∀x : ¬P ⇒ ¬R)
= ⟨(3.61) Contrapositive⟩

(∀x : R ⇒ P)
= ⟨(9.2) Trading⟩

(∀x R : P) //

(9.16) is called “Implicit universal quantification.”

Example
p ⇒ p∨q is a theorem.

Therefore, by (9.16), (∀p,q : p ⇒ p∨q) is a theorem.

In other words, p ⇒ p∨q is true in all states.
The theorem p ⇒ p∨q is “Implicitly universally quantified.”

Example
p∨q is not a theorem.

Therefore, by (9.16), it is not the case that (∀p,q : p∨q) is a theorem.

In other words, p∨q is not true in all states.

(9.19) Example

[0]

b 19 -26 17 3 42 -19 8 35 14 -30

[1] [2] [3] [4] [5] [6] [7] [8] [9]

(∃i 4 ≤ i < 8 : b[i]< 0)
= ⟨(9.19)⟩

(∃i : 4 ≤ i < 8∧b[i]< 0)

This range is over all 10 values.
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(9.20.2) (∃x : R)⇒ ((∀x R : P)⇒ (∃x R : P))
(9.21) Distributivity of ∧ over ∃ : Provided ¬occurs(‘x’, ‘P’),

P∧ (∃x R : Q)≡ (∃x R : P∧Q)

(9.22) Provided ¬occurs(‘x’, ‘P’), (∃x R : P)≡ P∧ (∃x : R)
(9.23) Distributivity of ∨ over ∃ : Provided ¬occurs(‘x’, ‘P’),

(∃x : R)⇒ ((∃x R : P∨Q)≡ P∨ (∃x R : Q))

(9.24) (∃x R : f alse)≡ f alse
(9.25) Range weakening/strengthening: (∃x R : P)⇒ (∃x Q∨R : P)
(9.26) Body weakening/strengthening: (∃x R : P)⇒ (∃x R : P∨Q)

(9.26.1) Body weakening/strengthening: (∃x R : P∧Q)⇒ (∃x R : P)
(9.27) Monotonicity of ∃ : (∀x R : Q ⇒ P)⇒ ((∃x R : Q)⇒ (∃x R : P))
(9.28) ∃-Introduction: P[x := E]⇒ (∃x : P)
(9.29) Interchange of quantification: Provided ¬occurs(‘y’, ‘R’) and ¬occurs(‘x’, ‘Q’),

(∃x R : (∀y Q : P))⇒ (∀y Q : (∃x R : P))
(9.30) Provided ¬occurs(‘x̂’, ‘Q’),

(∃x R : P)⇒ Q is a theorem iff (R∧P)[x := x̂]⇒ Q is a theorem.

A Theory of Sets

(11.2) {e0, . . . ,en−1}= {x x = e0 ∨ · · ·∨ x = en−1 : x}
(11.3) Axiom, Set membership: Provided ¬occurs(‘x’, ‘F’),

F ∈ {x R : E}≡ (∃x R : F = E)
(11.4) Axiom, Extensionality: S = T ≡ (∀x : x ∈ S ≡ x ∈ T )
(11.4.1) Axiom, Empty set: /0 = {x f alse : E}
(11.4.2) e ∈ /0 ≡ f alse
(11.4.3) Axiom, Universe: U = {x : x}, U: set(t) = {x: t : x}
(11.4.4) e ∈ U ≡ true, for e: t and U: set(t)
(11.5) S = {x x ∈ S : x}
(11.5.1) Axiom, Abbreviation: For x a single variable, {x R}= {x R : x}
(11.6) Provided ¬occurs(‘y’, ‘R’) and ¬occurs(‘y’, ‘E’),

{x R : E}= {y (∃x R : y = E)}
(11.7) x ∈ {x R} ≡ R

R is the characteristic predicate of the set.
(11.7.1) y ∈ {x R} ≡ R[x := y] for any expression y
(11.9) {x Q}= {x R} ≡ (∀x : Q ≡ R)
(11.10) {x Q}= {x R} is valid iff Q ≡ R is valid.
(11.11) Methods for proving set equality S = T :

(a) Use Leibniz directly.
(b) Use axiom Extensionality (11.4) and prove the (9.8) Lemma

v ∈ S ≡ v ∈ T for an arbitrary value v.
(c) Prove Q ≡ R and conclude {x Q}= {x R}.
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Example

P : The predicate loves(x,y), person x loves person y

R : The set of x values {a,b,c}
S : The set of y values {d,e, f ,g,h}
a loves d and f .
b loves e, f and g.
c loves d,e, f ,g and h.

(∃x R : (∀y Q : P)) means “Someone in R loves everyone in Q.”

(∀y Q : (∃x R : P)) means “Everyone in Q is loved by someone in R.”
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R is the characteristic predicate of the set.
(11.7.1) y ∈ {x R} ≡ R[x := y] for any expression y
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17

Example

P : The predicate loves(x,y), person x loves person y

R : The set of x values {a,b,c}
S : The set of y values {d,e, f ,g,h}
a loves d and f .
b loves e, f and g.
c loves d,e, f ,g and h.

(∃x R : (∀y Q : P)) means “Someone in R loves everyone in Q.”

(∀y Q : (∃x R : P)) means “Everyone in Q is loved by someone in R.”

Counterexample for

(∀y Q : (∃x R : P))⇒ (∃x R : (∀y Q : P))

a loves d and e.
b loves e,g and h.
c loves d, f and h.

(∀y Q : (∃x R : P)) is true. Everyone in Q is loved by someone in R.

(∃x R : (∀y Q : P)) is false. No one in R loves everyone in Q.

true ⇒ f alse is f alse.

a b c

d e f g h

R:

Q:
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Even

even. x returns true iff x is an even number.
Examples: even.12 returns true. even.3 returns f alse.
Formal definition of even. x : (∃k : Z : 2 · k = x)
12 is even because 6 exists. 10 is even because 5 exists.

Odd

odd. x returns true iff x is an odd number.
Examples: odd.17 returns true. odd.6 returns f alse.
Formal definition of odd. x : (∃k : Z : 2 · k+1 = x)
17 is odd because 8 exists. 15 is odd because 7 exists.
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Multiple of

mult(n,x) returns true iff n is a multiple of x.
Examples:
mult(27,9) returns true.
mult(9,27) returns f alse.
mult(15,−3) returns true.
Formal definition of mult(n,x) : (∃k : Z : n = k · x)
27 is a multiple of 9 because 3 exists.

Divides

“x divides y” is written with the binary infix operator as x | y.
x | y returns true iff x goes into y with no remainder and a non-negative quotient.
Examples:
3 | 15 ≡ true
3 | 16 ≡ f alse
−3 | 15 ≡ f alse
3 |−15 ≡ f alse
−3 |−15 ≡ true
Formal definition of x | y : (∃k : Z 0 ≤ k : x · k = y)
Alternate definition of x | y : (∃k : N : x · k = y)
−3 divides −15 because 5 exists and is non-negative.
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x | y returns true iff x goes into y with no remainder and a non-negative quotient.
Examples:
3 | 15 ≡ true
3 | 16 ≡ f alse
−3 | 15 ≡ f alse
3 |−15 ≡ f alse
−3 |−15 ≡ true
Formal definition of x | y : (∃k : Z 0 ≤ k : x · k = y)
Alternate definition of x | y : (∃k : N : x · k = y)
−3 divides −15 because 5 exists and is non-negative.
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All even integers are multiples of two.
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Example

An integer greater than 200 is also greater than 100.
(∀x : Z x > 200 : x > 100)

Example

The square of an integer is non-negative.
(∀x : Z : x2 ≥ 0)
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Example

An integer greater than 200 is also greater than 100.
(∀x : Z x > 200 : x > 100)

Example

The square of an integer is non-negative.
(∀x : Z : x2 ≥ 0)

Example

There exists an even integer that is a multiple of three.
Some even integer is a multiple of three.
There are even integers that are multiples of three.
There is an even integer that is a multiple of three.
At least one even integer is a multiple of three.
(∃x : Z even. x : mult(x,3))
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There is an even integer that is a multiple of three.
At least one even integer is a multiple of three.
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Exercise 9.29 (a)
The natural number 1 is the only natural number that is smaller
than positive integer p and divides p.

Rephrase: All natural numbers smaller than positive integer p,
except for 1, do not divide p.

(∀d : N 1 < d < p : ¬ d | p)

Now, use the definition of divides.

(∀d : N 1 < d < p : ¬(∃k : Z 0 ≤ k : d · k = p))

Alternatively, by (9.18b),

¬(∃d : N 1 < d < p : (∃k : Z 0 ≤ k : d · k = p))

Alternatively,

(∀d : N 1 < d < p : (∀k : Z 0 ≤ k : d · k ̸= p))
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At least one even integer is a multiple of three.
(∃x : Z even. x : mult(x,3))

Exercise 9.29 (a)
The natural number 1 is the only natural number that is smaller
than positive integer p and divides p.

Rephrase: All natural numbers smaller than positive integer p,
except for 1, do not divide p.

(∀d : N 1 < d < p : ¬ d | p)

Now, use the definition of divides.

(∀d : N 1 < d < p : ¬(∃k : Z 0 ≤ k : d · k = p))

Alternatively, by (9.18b),

¬(∃d : N 1 < d < p : (∃k : Z 0 ≤ k : d · k = p))

Alternatively,

(∀d : N 1 < d < p : (∀k : Z 0 ≤ k : d · k ̸= p))
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Exercise 9.34 (a)
Define loves(x,y): Person x loves person y.

Everybody loves somebody.

(∀x : (∃y : loves(x,y))

Exercise 9.35 (a)
Define fool(p, t): You can fool person p at time t.

You can fool some of the people some of the time.

(∃p : (∃t : fool(p, t))
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